Abstract. In this paper, we obtain several new characterizations of the Clifford torus as a Lagrangian self-shrinker. We first show that the Clifford torus S 1 (1) × S 1 (1) is the unique compact orientable Lagrangian self-shrinker in C 2 with |A| 2 ≤ 2, which gives an affirmative answer to Castro-Lerma's conjecture in [6] . We also prove that the Clifford torus is the unique compact orientable embedded Lagrangian self-shrinker with nonnegative or nonpositive Gauss curvature in C 2 .
Introduction
Let x : M n → R n+p be an n-dimensional submanifold in the (n + p)-dimensional Euclidean space. We call the immersed manifold M n a self-shrinker if it satisfies the quasilinear elliptic system: H = −x ⊥ , (1.1) where H is the mean curvature vector and ⊥ denotes the projection onto the normal bundle of M n .
Self-shrinkers play an important role in the study of the mean curvature flow. Not only they correspond to self-shrinking solutions to the mean curvature flow, but also they describe all possible Type I blow ups at a given singularity of the mean curvature flow. There are many results about the classification of self-shrinkers. In the curve case, Abresch and Langer [1] gave a complete classification of all solutions to (1.1). These curves are called Abresch-Langer curves. In higher dimension and codimension one, Huisken (see [12] and [13] ) proved that n-dimensional smooth complete self-shrinkers in R n+1 with H ≥ 0, polynomial volume growth, and |A| bounded are Γ×R n−1 , or S m ( √ m)×R n−m (0 ≤ m ≤ n),
where Γ is an Abresch-Langer curve and S m ( √ m) is an m-dimensional sphere of radius √ m. In [9] , Colding and Minicozzi showed that Huisken's classification holds without the assumption that |A| is bounded.
In arbitrary codimensional case, Smoczyk [24] proved that (i) If M n is a compact selfshrinker in R n+p , then M n is a minimal submanifold of the sphere S n+p−1 ( √ n) if and only if H = 0 and ∇ ⊥ ν = 0, where ν = H/|H| is the principal normal.
(ii) Let M n be a complete non-compact self-shrinker in R n+p , if H = 0, ∇ ⊥ ν = 0, and M n has uniformly bounded geometry, then M n is either Γ × R n−1 or N m × R n−m , where Γ is an AbreschLanger curve and N m is an m-dimensional complete minimal submanifold in S m+p−1 ( √ m).
In [18] , using the method of Colding and Minicozzi [9] , Li and Wei showed that Smoczyk's result in complete non-compact case holds under a weaker condition.
We recall some rigidity theorems for self-shrinkers. The first gap of the squared norm of the second fundamental form |A| 2 for self-shrinkers was obtained by Cao and Li [4] (which generalized codimension one case in [14] ), they proved that if M n is a complete self-shrinker in R n+p , with polynomial volume growth and satisfying |A| 2 ≤ 1, then either |A| 2 = 0 and M n is a hyperplane R n , or |A| 2 = 1 and M n is a round sphere S n ( √ n) or a cylinder S m ( √ m) × R n−m (1 ≤ m ≤ n − 1). Cheng and Peng [7] obtained some rigidity theorems on complete self-shrinkers without assumption on polynomial volume growth. Ding and Xin [10] studied the second gap of |A| 2 for self-shrinkers in codimension one, they showed that if M n is a complete self-shrinkers in R n+1 , with polynomial volume growth and satisfying 1 ≤ |A| 2 ≤ 1 + 0.022, then |A| 2 = 1. Cheng and Wei [8] improved the pinching constant 0.022 to 3/7 under the assumption that |A| 2 is constant.
In this paper, we are interested in rigidity results for compact Lagrangian self-shrinkers in C 2 . An immersed manifold M n in C n is called a Lagrangian submanifold if the standard complex structure J of C n maps each tangent space of M n into its corresponding normal space. A Lagrangian submanifold M n in C n is called a Lagrangian self-shrinker if it satisfies (1.1). Recently, the study of Lagrangian self-shrinkers has drawn some attentions. For instance, many examples of Lagrangian self-shrinkers in C n were constructed in [2] , [5] and [15] , Hamiltonian stationary Lagrangian self-shrinkers in C 2 were classified in [5] . The canonical example of a compact Lagrangian self-shrinker in C 2 is the Clifford torus S 1 (1) × S 1 (1), which is the standard example of monotone Lagrangian in C 2 (see [21] ). In [6] , Castro and Lerma obtained the following rigidity result for the Clifford torus. Theorem 1.1 (see Theorem 1.2 in [6] ). Let x : M 2 → C 2 be a compact orientable Lagrangian self-shrinker. If |A| 2 ≤ 2, then |A| 2 = 2 and M 2 is a topological torus. If, in addition, the Gauss curvature K of M 2 is nonnegative or nonpositive, then M 2 is the Clifford torus S 1 (1) × S 1 (1).
Castro and Lerma conjectured (see page 1519 in [6] ) that the condition "the Gauss curvature K of M 2 is nonnegative or nonpositive " is unnecessary in Theorem 1.1. Our following Theorem 1.2 gives an affirmative answer to their conjecture. In fact, in Section 4, we prove Theorem 1.2. Let x : M 2 → C 2 be a compact orientable Lagrangian self-shrinker. If |A| 2 ≤ 2, then |A| 2 = 2 and M 2 is the Clifford torus S 1 (1) × S 1 (1). Remark 1.3. For any m, n ∈ N, (m, n) = 1, m ≤ n, Lee and Wang [15] constructed the following example T m,n of Lagrangian self-shrinker by
with the squared norm of the second fundamental form satisfying
(cf. [6] ). ∀ǫ > 0, if m and n are integers satisfying that m > 3 ǫ and n = m + 1, then (m, n) = 1 and |A| 2 ≤ m 2 +3n 2 m(m+n) < 2 + ǫ, so there exist infinitely many examples T m,n satisfying |A| 2 ≤ 2 + ǫ. In other words, Lee-Wang's examples T m,n have an upper bound on |A| 2 which gets arbitrarily close to 2. This shows that the pinching constant 2 is optimal in Theorem 1.2.
In the last section, we prove the following classification theorem for compact orientable Lagrangian self-shrinker in C 2 with nonnegative Gauss curvature. Theorem 1.4. Let x : M 2 → C 2 be a compact orientable Lagrangian self-shrinker. If the Gauss curvature K of M 2 is nonnegative, then K = 0 and M 2 is the Riemannian product of two closed Abresch-Langer curves.
If x : M 2 → C 2 is embedded, using the result of Abresch-Langer which states that the only closed embedded self-shrinker in R 2 is the circle, as an immediate consequence of Theorem 1.4, we obtain the following new characterization of the Clifford torus S 1 (1) × S 1 (1). Corollary 1.5. The Clifford torus S 1 (1)×S 1 (1) is the unique compact orientable embedded Lagrangian self-shrinker in C 2 with nonnegative Gauss curvature. Remark 1.6. In [22] , Neves proposed the following question (see Question 7.4 in [22] ): Find a condition on a Lagrangian torus in C 2 , which implies that Lagrangian mean curvature flow (L t ) 0<t<T will become extinct at time T and, after rescale, L t converges to the Clifford torus. Our new characterizations of the Clifford torus might be useful to this question. Remark 1.7. We note that in Theorem 1.2, one does not need to assume that the Lagrangian self-shrinker is embedded, but we need this for Corollary 1.5. We also note that the conclusion is still true if one replaces the assumption "nonnegative Gauss curvature" by "nonpositive Gauss curvature" in Corollary 1.5, see Corollary 5.9 for more details.
The paper is organized as follows: in the next section, we recall some basic formulas for Lagrangian submanifolds of C 2 . In Section 3, we give some identities and lemmas for Lagrangian self-shrinkers of C 2 . In Section 4, we prove Theorem 1.2, we also prove that the Clifford torus S 1 (1) × S 1 (1) is the unique compact orientable Lagrangian self-shrinker in C 2 with |A| 2 being constant, which is the key step of the proof of Theorem 1.2. In Section 5, we prove Theorem 1.4. Throughout this paper, we always assume that M is connected and has no boundary.
Preliminaries
In this section, M 2 will always denote a 2-dimensional Lagrangian submanifold of C 2 . We denote the Levi-Civita connections on M 2 , C 2 and the normal bundle by ∇, D and ∇ ⊥ , respectively. The formulas of Gauss and Weingarten are given by
where h is the second fundamental form, A denotes the shape operator, X and Y are tangent vector fields and ξ is a normal vector field on M 2 .
The Lagrangian condition implies that (cf. [16] , [17] )
The formulas above imply that h(X, Y ), JZ is totally symmetric, i.e., 
The dual frame fields of e 1 , e 2 are θ 1 , θ 2 , the Levi-Civita connection forms and normal connection forms are θ ij and θ i * j * , respectively. Writing h(e i , e j ) =
We have the following structure equations.
6)
7)
If we denote the components of curvature tensors of ∇ and ∇ ⊥ by R ijkl and R i * j * kl , respectively, then the equations of Gauss, Codazzi and Ricci are given by (cf. [16] , [17] )
We can write (2.14) in the following equivalent form:
where X, Y and Z are tangent vector fields on M 2 . We note that (∇ e k h)(e i , e j ) =
Combining (2.5) and (2.11), we know that h k * ij,l is totally symmetric, i.e.,
We have the following Ricci identities.
where
Taking covariant derivative of (3.1) with respect to e i by use of (3.4) and (3.5), we obtain (3.2). Taking covariant derivative of (3.2) with respect to e j by use of (3.4) and (3.1), we obtain (3.3).
⊓ ⊔ Recall the following operator L which was introduced and studied firstly on self-shrinkers by Colding and Minicozzi (see (3.7) in [9] ): L = ∆ − x, ∇· = e |x| 2 /2 div(e −|x| 2 /2 ∇·), where ∆, ∇ and div denote the Laplacian, gradient and divergent operator on the self-shrinker, respectively. The operator L is self-adjoint in a weighted L 2 space.
Proof. By definition of ∆ and using (2.9),(2.12),(2.16),(2.17), (2.19) and (3.3), we have 1 2
(3.7) Since M 2 is a Lagrangian surface in C 2 , denote the Gauss curvature of M 2 by K, from (2.9) and (2.19), we have
substituting (3.8) into (3.7), using Gauss equation (2.13), we obtain 1 2
[4], [9] ). Let x : M 2 → C 2 be a compact orientable Lagrangian selfshrinker, we have
Proof. It follows from (3.4) and (3.1) that
The last equation in (3.10) follows from the fact that the operator L is self-adjoint in a weighted L 2 space. ⊓ ⊔
Proof of Theorem 1.2
In this section, we prove Theorem 1.2. First, we recall the following lemma which is important in the proof of our key Proposition 4.2. It was proved in [6] by Castro and Lerma by using Gauss-Bonnet theorem combined with the Gauss equation in a clever way.
Lemma 4.1 (see Theorem 1.2 in [6] ). Let x : M 2 → C 2 be a compact orientable Lagrangian self-shrinker. If |A| 2 ≤ 2 , then |A| 2 = 2 and M 2 is a topological torus.
Proof. Denote the Gauss curvature of M 2 by K. From Gauss equation R = 2K = H 2 −|A| 2 and Gauss-Bonnet theorem, we have
where gen(M 2 ) stands for the genus of M 2 and the last equality is due to Lemma 3.3.
It is well known that there exist no Lagrangian self-shrinkers in C n with the topology of sphere, which was proved by Smoczyk (see [23] , Theorem 2.3.5, see also Theorem 2.1 in [6] for a detailed proof). Hence, if |A| 2 ≤ 2 , then |A| 2 = 2 and M 2 is a topological torus.
⊓ ⊔
We are now ready to prove the following key proposition:
If the squared norm of the second fundamental form |A| 2 is constant, then |A| 2 = 2 and M 2 is the Clifford torus
Proof. We prove by two steps. Firstly, we show that |A| 2 = 2.
Since M 2 is compact, there exists a point p 0 ∈ M 2 such that |x| 2 attains its minimum at p 0 . We immediately have (|x| 2 ) ,j = 0, 1 ≤ j ≤ 2 at p 0 , which implies that x, e j (p 0 ) = 0, 1 ≤ j ≤ 2. Hence at p 0 , from (3.1) and (3.2) we have
, which lead to the following equations:
On the other hand, since 
Since h k * ij and h k * ij,l are both totally symmetric (see (2.5) and (2.16)), by substituting (4.4) into (4.3), we obtain (h
(4.6) Taking the sum of the square of (4.5) and the square of (4.6), we get
Hence, from (4.7), we have the following two possibilities:
. From Lemma 3.3, as |x| 2 attains its minimum at p 0 , we obtain that
, which is impossible by Lemma 4.1.
(ii) At p 0 , h 1 * 11,1 = h 1 * 11,2 = 0. Then from (4.4), we have h 1 * 22,1 = h 1 * 22,2 = h 2 * 22,2 = 0. In this case, |∇A| = 0 at p 0 . By Lemma 3.2, 
Since |x| 2 attains its minimum at p 0 , we get |x| 2 ≥ 2, which together with Lemma 3.3 imply that |x| 2 ≡ 2.
Since |x| 2 ≡ 2, we have that x, e i = 0, i = 1, 2, which means that the position vector x is equal to x ⊥ . Using the self-shrinker equation (1.1), we immediately have that H = −x and H 2 = |x| 2 ≡ 2. In particular, we get that H = |H| = √ 2 and from (2.1) we have
where in the last equality we use the fact that x is the position vector. In the equation above, ∇ ⊥ e i H is a normal vector, −e i + A H e i is a tangent vector, we get that both of them have to vanish, so we obtain that H is a non-null parallel normal vector field and hence JH is a non-null parallel tangent vector field on M 2 . We have also shown that |A| 2 = 2. It follows that H k * ,i = 0, (|A| 2 ) ,k = 0, 1 ≤ i, k ≤ 2, which means that both (4.2) and (4.3) hold at ∀ p ∈ M 2 . Thus, ∀ p ∈ M 2 , using an analogous argument to that in the first step of the proof, there are two possibilities. (i) At p, h 1 * 11 = 3h 1 * 22 , h 2 * 22 = 3h 2 * 11 . In this case, |A| 2 = 3 4 H 2 , which is a contradiction with
Hence, we obtain that |∇A| = 0, ∀ p ∈ M 2 . Since H = √ 2 = 0, we choose local orthonormal frame {e 1 , e 2 } such that e 1 //JH and H 1 * = H, H 2 * = 0. As |∇A| = 0, we get that (4.8) holds at ∀ p ∈ M 2 . As
Hδ ij ) 2 = 0, we also know that H 1 * = H, H 2 * = 0, hence under the orthonormal frame {e 1 , e 2 } chosen above, we have
2 , h 2 * 11 = 0, h 2 * 22 = 0. In the following, we will determine the explicit expression of the immersion x, up to an isometry of C 2 . Since H = √ 2 is constant and JH is a non-null parallel tangent vector field on M 2 , we get that e 1 is parallel on M 2 , hence ∇ e i e j = 0, i, j = 1, 2. Therefore, there exist local coordinates {u, v} such that e 1 = ∂ ∂u , e 2 = ∂ ∂v . Since e 1 = ∂ ∂u and e 2 = ∂ ∂v are orthonormal, x is a Lagrangian immersion, we get
From ∇ e i e j = 0, i, j = 1, 2 and
2 , h 2 * 11 = 0, h 2 * 22 = 0, we have
The self-shrinker condition (1.1) and |x| 2 = 2 imply that
Using (4.9)-(4.11), we obtain the following explicit expression of x.
where a 1 , a 2 , b 1 , b 2 are constant complex numbers satisfying that a 1ā1 +b 1b1 = a 2ā2 +b 2b2 = 1, a 1ā2 + b 1b2 = 0. Therefore, up to an isometry of C 2 , x is congruent with
We choose local coordinates s, t such that s =
, then x is congruent with 14) which is the standard expression of the Clifford torus 
where gen(M 2 ) stands for the genus of M 2 , K is the Gauss curvature of M 2 and the last equality is due to the following identity by using the self-shrinker equation (1.1):
From |A| 2 ≤ 2 it follows that either (i) the genus of M 2 is 0, or (ii) the genus of M 2 is 1 and |A| 2 = 2. If the genus of M 2 is 0, then Brendle's result (see [3] , Theorem 1) implies that M 2 is the round sphere S 2 ( √ 2). If M 2 is a 2-dimensional closed self-shrinker in R 3 satisfying that |A| 2 is constant, then Ding and Xin's result (see Theorem 4.2 of [10] , see also [11] for a new proof) implies that |A| 2 = 1. Therefore, case (ii) the genus of M 2 is 1 and |A| 2 = 2 can not occur. So we obtain the following new characterization of the round sphere as a self-shrinker. Proposition 4.4. Let x : M 2 → R 3 be a compact orientable embedded self-shrinker. If |A| 2 ≤ 2, then |A| 2 = 1 and M 2 is the round sphere S 2 ( √ 2).
Proof of Theorem 1.4
In this section, we prove Theorem 1.4. We also prove that a compact orientable Lagrangian self-shrinker in C 2 with constant Gauss curvature must be the Riemannian product of two closed Abresch-Langer curves. As an application, we obtain several new characterizations of the Clifford torus as a Lagrangian self-shrinker in C 2 .
Lemma 5.1. Let x : M 2 → C 2 be a compact orientable Lagrangian self-shrinker. If the Gauss curvature K of M 2 is nonnegative, then K = 0 and M 2 is a topological torus.
Proof. Using the fact that there exist no Lagrangian self-shrinkers in C n with the topology of sphere,which was proved by Smoczyk (see [23] , Theorem 2.3.5, see also Theorem 2.1 in [6] for a detailed proof), we get gen(M 2 ) ≥ 1, where gen(M 2 ) stands for the genus of M 2 . From Gauss-Bonnet theorem, we derive Proof. First, using Lemma 5.1, if K ≥ 0, then K = 0. Hence, if K is constant, then K ≤ 0. Next, we prove that K = 0. It follows from (3.3) and L = ∆ − x, ∇· that 1 2
on the other hand, from Lemma 3.2 we know that 1 2
Therefore, using Gauss equation 2K = H 2 − |A| 2 , we derive
As M 2 is compact, there exists a point p 0 ∈ M 2 such that |x| 2 attains its maximum at p 0 . We immediately have (|x| 2 ) ,j = 0, 1 ≤ j ≤ 2 at p 0 , which implies that x, e j (p 0 ) = 0, 1 ≤ j ≤ 2. Hence at p 0 , from (3.1) and (3.2) we have .2) and (4.3) hold at p 0 . Using the same argument as in the proof of Proposition 4.2, we have the following two possibilities:
In this case, |∇A| = 0 at p 0 . Since K is constant, we get LK ≡ 0, then at p 0 , from (5.4) we have
from which we deduce that either
On the other hand, since |x| 2 attains its maximum at p 0 , from Lemma 3.3, we deduce that H 2 (p 0 ) = |x| 2 (p 0 ) ≥ 2, which contradicts with H 2 (p 0 ) ≤ 1. So we get
Therefore, we have proved that K = 0. It follows from Gauss-Bonnet theorem that M 2 is a topological torus.
⊓ ⊔
is locally an open part of the Riemannian product of two Abresch-Langer curves.
Proof. We define U 1 = {p ∈ M 2 |p is a totally geodesic point},
is an interior point of U 1 , then M 2 is locally the Riemannian product of two straight lines around p (straight line is also a special Abresch-Langer curve).
In the following, without loss of generality, we assume that p ∈ U 2 , i.e., p is not a totally geodesic point. We denote U M p = {u ∈ T p M 2 | |u| = 1}, define f (u) = h(u, u), Ju (u ∈ U M p ) and take e 1 as a vector in which f attains its maximum. We choose e 2 ∈ T p M 2 as a unit vector which is orthogonal to e 1 . As f attains its maximum in e 1 , we immediately have h(e 1 , e 1 ), Je 2 = 0, which implies that there exists a number λ 1 > 0 such that h(e 1 , e 1 ) = λ 1 Je 1 . Since h(X, Y ), JZ is totally symmetric (see (2.3)), there exist two numbers λ 0 and λ 2 such that h(e 1 , e 2 ) = λ 0 Je 2 , h(e 2 , e 2 ) = λ 0 Je 1 + λ 2 Je 2 .
Moreover, since f attains its maximum in e 1 , we have λ 1 ≥ 2λ 0 , and if λ 1 = 2λ 0 , then λ 2 = 0 (see Lemma 1 in [19] ). As M 2 is flat, from Gauss equation we have 0 = h(e 1 , e 1 ), h(e 2 , e 2 ) − h(e 1 , e 2 ), h(e 1 , e 2 ) = λ 0 (λ 1 − λ 0 ).
We claim that λ 0 = 0, if not, 0 < λ 1 = λ 0 which contradicts with λ 1 ≥ 2λ 0 . So we obtain an orthonormal basis e 1 , e 2 at p such that h(e 1 , e 1 ) = λ 1 Je 1 , h(e 1 , e 2 ) = 0, h(e 2 , e 2 ) = λ 2 Je 2 .
(5.6)
Next, we prove that there exists a neighborhood U of p, local orthonormal vector fields E 1 , E 2 and local functions Λ 1 , Λ 2 such that at each point q ∈ U , we have
(5.7) We choose an arbitrary orthonormal vector field
and consider the following system of equations:
is a solution to L(p) = 0, and
is non-degenerate. Applying Implicit Function Theorem, there exists a unique smooth function
Assume that E 2 is a smooth unit vector field in V 1 such that E 1 and E 2 are orthogonal, using the property that h(X, Y ), JZ is totally symmetric (see (2.3) ), we get that there exist two local functions Λ 0 and Λ 2 such that
Moreover, since M 2 is flat, from Gauss equation we have
so we derive Λ 0 = 0, ∀ q ∈ U . Therefore, we have found a neighborhood U of p, local orthonormal vector fields E 1 , E 2 and local functions Λ 1 , Λ 2 such that at each point q ∈ U , (5.7) is satisfied.
In the following, we use Codazzi equations and the self-shrinker equation to deduce that x is locally a product immersion. As E 1 and E 2 are local orthonormal tangent vector fields, we can write the covariant derivatives as follows. 10) where α and β are local functions. It follows from (5.7), (5.10) and the Codazzi equation
If we denote x T = x − x ⊥ , then x T is the tangent part of the position vector x. By using (2.1), (2.2), (2.3), (5.7) and (5.10), we derive
From (5.12) and (5.13) we derive
Taking the sum of the square of (5.11) and the square of (5.14), we derive 15) since Λ 1 > 0 on U , we conclude that α = β = 0 on U , which means that E 1 and E 2 are both totally geodesic distributions on U . Therefore, applying the theorem of Frobenius, there exist local coordinates {s, t} on U such that E 1 = ∂ ∂s , E 2 = ∂ ∂t , and M 2 is locally a Riemannian product I 1 × I 2 ∈ R × R. Since the second fundamental form satisfies (5.7), using a lemma of J. D. Moore (see Lemma in the end of section 2 of [20] ), we know that x is locally a product immersion. Here we present a direct proof of this conclusion. Since which implies that there exist four complex functions f i (s), g i (t), i = 1, 2 such that
In (5.19) , the equations in the first and third lines are direct consequences of (5.18) combined with (5.16) and these equations mean that the matrix
is a unitary matrix, so we obtain the equations in the second and forth lines of (5.19).
Using (5.19), there exist two real constants θ 0 , θ 1 and two real functions f (s), g(t) such that
If we denote 20) where c 1 and c 2 are two complex constants. By solving
we get a unique solution for a 1 and a 2 , so x can be expressed as
where a 1 and a 2 are two complex constants. Therefore, up to an isometry of C 2 , x is locally congruent with 22) which is locally a product immersion from a Riemannian product I 1 × I 2 to C 2 . Finally, since M 2 is a self-shrinker, from the self-shrinker equation (1.1), we obtain that x 1 (s) : I 1 → C and x 2 (t) : I 2 → C also satisfy the self-shrinker equation ( Proof. We use the same notations as in Proposition 5.3.
We define U 1 = {p ∈ M 2 |p is a totally geodesic point}, U 2 = M 2 −U 1 . It is obvious that U 1 is a closed set and U 2 is an open set. We prove that either M 2 = U 1 or M 2 = U 2 . As U 2 is an open set, we immediately get that . By definition of U 2 , ∀ p ∈ U 2k , p is not a totally geodesic point, without loss of generality, we assume that Γ 1k is not a straight line, then we get that k(Γ 1k ) ≥ k min (Γ 1k ) > 0, then by use of continuity, ∀p ∈ U 2k , |A| 2 (p) ≥ k 2 min (Γ 1k ) > 0, so we deduce thatp is not a totally geodesic point, which means that U 2k ⊂ U 2 . On the other hand, U 2k is a connected component of U 2 , so we get U 2k = U 2k , hence U 2k is open and closed, which implies that either U 2k = ∅ or U 2k = M 2 . Therefore, there are two possibilities: (i) U 2k = ∅, ∀ k. In this case, U 2 = ∅ and M 2 = U 1 ; (ii) ∃ k s.t. U 2k = M 2 . In this case U 1 = ∅ and M 2 = U 2 .
If M 2 = U 1 , then M 2 is totally geodesic. As M 2 is complete and connected, we obtain that M 2 is the Riemannian product of two straight lines (straight line is also a special Abresch-Langer curve).
If M 2 = U 2 , since M 2 is complete and connected, then from the arguments above, we get that M 2 is the Riemannian product of two Abresch-Langer curves. If x : M 2 → C 2 is embedded, using the result of Abresch-Langer which states that the only closed embedded self-shrinker in R 2 is the circle, as immediate consequences of Proposition 5.6, we obtain Corollary 5.7. The Clifford torus S 1 (1)×S 1 (1) is the unique compact orientable embedded Lagrangian self-shrinker in C 2 with constant Gauss curvature.
Remark 5.8. By a theorem of Whitney, any compact (without boundary) orientable embedded Lagrangian surface M 2 in C 2 has to be a topological torus. If we assume that M 2 is a compact orientable embedded Lagrangian self-shrinker in C 2 with nonpositive Gauss curvature, then by using Gauss-Bonnet theorem we obtain K = 0. Using Proposition 5.5 and the result of Abresch-Langer which states that the only closed embedded self-shrinker in R 2 is the circle, we deduce the following characterization of the Clifford torus.
Corollary 5.9. The Clifford torus S 1 (1)×S 1 (1) is the unique compact orientable embedded Lagrangian self-shrinker in C 2 with nonpositive Gauss curvature.
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